We consider the system of an electronic quantum dot with a base set of discrete single-particle levels due to quantization effects in an arbitrarily given attractive potential. Intradot electron-electron interaction is described employing the full many-particle Coulomb interaction Hamiltonian in second quantization. Interaction effects arising from a capacitive response of the environment is incorporated within the framework of a classical interaction term. Hereby the environment consists of thermodynamical electron reservoirs coupled to the quantum dot system via weak tunnel barriers. Using this quantum dot model Hamiltonian we present a many-particle density-matrix approach in order to describe the thermodynamical state of the many-electron system and calculate expectation values of observables such as particle number and total spin. In the following we assume that exactly one reservoir dominates concerning a very weak particle injection. The other reservoirs are thought of as negligible tunneling probes. Especially the system of a laterally confined sub-m resonant tunneling diode in the single-electron tunneling regime for the case of strong barrier asymmetry will be discussed as an example. Numerical results for realistic diode parameters suggest the definition of a capacitive and atomic regime of such an interacting quantum dot system.
I. INTRODUCTION
Continuously ongoing downscaling in conventional semiconductor microelectronics and the design of novel quantum effect based nanosized devices stimulate the theoretical research in the field of interacting few-electron systems and single-electron transport. Quantum dots represent an ideal model system to study quantum effects due to size quantization, tunneling, electron-electron interaction, and exchange and correlation in mesoscopic many-particle systems.
These quantum dots have been realized experimentally in a variety of semiconductor heterostructures and metallic systems. To name a few examples, mesoscopic systems within two-dimensional ͑2D͒ electron gases, laterally confined subm resonant tunneling diodes ͑RTD͒ or epitaxially grown islands have been investigated extensively. 1 Various physical principles contribute to the electronic properties of such a quantum dot system, which are manifested in phenomena such as single-electron tunneling staircase characteristics and Coulomb blockade effects. 2 First of all we have to account for discrete single-particle levels due to size quantization effects. Furthermore the electronelectron interaction together with the fermion nature of the electron ͑the Pauli principle roughly spoken͒ plays an important role.
Electronic transport through a quantum dot, which is coupled to electron reservoirs via tunnel barriers, implies a nonequilibrium state of the whole system, which is reflected in form of an electrical current between reservoirs of different chemical potential. 3 A general approach consists of a many-particle nonequilibrium description by use of real-time Green's functions. [4] [5] [6] Tunnel barriers often are described within the scope of tight binding models. [7] [8] [9] Furthermore the intradot electron-electron interaction can be accounted for from a quantum field theoretical point of view to some degree. Thus mean-field approximations are commonly employed. For example, a Hartree self-consistent approach resembles a first-order mean-field approximation of electronelectron interaction terms. This semiclassical approach to interaction terms corresponds to a description within the scope of a capacity model, the so-called orthodox theory. 10 A very successful equilibrium approach to the special case of a quantum dot system at Tϭ0 represents the Hartree-Fock approximation where many-particle correlations are neglected. 11, 12 In this paper we focus on a description of the electronelectron interaction inside a quantum dot in the framework of many-particle ͑quantum field͒ statistics. 13, 14 The general thermodynamical state is formulated by use of a projected many-particle density matrix in second quantization. Hereby we restrict ourselves to the case of a quantum dot, which is nearly in equilibrium with a weakly coupled electron reservoir. To a good approximation we can assume an equilibrium form of the density matrix with a given temperature and chemical potential. Additionally coupled reservoirs in an experimental setup must represent very weak tunnel probes for a characterization of electronic properties via electronic transport. Their influence on the quantum dot state therefore should be negligible with regard to a large class of observables such as particle number, spatial charge density distribution, and total spin. Obviously the current operator does not belong to this class. For k B TϾ⌫ ͑where Ϫ⌫/2 denotes the total imaginary part of the coupling self-energy induced by all reservoirs͒ we can neglect level broadening inside the quantum dot. The subsequent sections present a short description of our approach followed by some numerical results for the special case of a laterally confined sub-resonant tunneling diode in the strong accumulation singleelectron regime.
II. MANY-PARTICLE QUANTUM DOT MODEL
The whole system under consideration consists of an interacting quantum dot and a number of electron reservoirs, which are coupled to the dot system via tunnel barriers. Each reservoir is assumed to be in a thermodynamical state with a given temperature and chemical potential. Obviously, the coupled system is in a nonequilibrium state for nonuniform temperature and chemical potential. This implies an electronic transport between the quantum dot and the adjacent reservoirs, which inject particles. In general, the state of such a system is given by a many-particle density matrix. Note that the Fock space dimension of the matrix is 2 N , where N is the total number of included single-electron states. In order to obtain a numerically practicable algorithm we will make some simplifying assumptions in the following considerations. A comparable Green's function approach incorporating all correlation effects, which are included in the densitymatrix approach, would require a huge amount of Green's functions of higher order and therefore lead to comparable numerical efforts.
A. Thermodynamical state
We are primarily interested in expectation values of observables concerning the quantum dot alone, especially the total electron number and the total spin. Thus we only need to know the projected density matrix dot ϵTr dot ͑ ͒ ͑2.1͒
of the quantum dot, where denotes the matrix of the whole reservoir-dot system. In the following we will assume two reservoirs L and R ͑for left and right͒. Then our approach
where Ϫ⌫ X /2 is the imaginary part of the coupling selfenergy of reservoir X. Let us consider the case
with the equilibrium form L0 dot . We assume that the small pertubation ␦ R dot gives rise only to second-order corrections in expectation values of the considered observable class.
B. Interaction
We will first discuss all the interaction terms arising from Coulomb repulsion and attraction of dot electrons, reservoir electrons, and the positively charged background ͑the socalled jellium͒ inside the reservoirs. Since the intradot electron-electron interaction plays a crucial role concerning many-particle exchange and correlations effects we will account for these terms in a fully quantum-mechanical treatment in second quantization. The remaining terms will be described in a semiclassical picture with a constant Hartree interaction energy. See Table I for a summary. v denotes reservoir-reservoir terms and ṽ reservoir-dot terms. Here we consider expressions of the form
for the Hartree term between semiclassical charge distributions n A and n B ͑normalized to 1e) in two regions A and B, respectively. Note that we make a Hartree approximation only for those interacting subsystems where reservoir charges are involved. Charges inside the reservoirs are thermalized and therefore correlation and exchange terms can be neglected, so that a description within the scope of the Hartree approximation is adequate. Summarizing these terms we can write for the total interaction energy E I of a quantum dot and one reservoir in our model
͑2.5͒
In the following section we will refer to the prefactors as ␥ 1 and ␥ 2 . The quantization of the first semiclassical expression consists in the introduction of particle number operators, whereas the last many-particle term will be determined by a Coulomb tensor C expression.
C. Model Hamiltonian
The total model Hamiltonian for the quantum dot thus reads
with single-particle matrix elements ⑀ i j and with the Coulomb tensor
͑2.7͒ Here b i and b i † denote annihilation operators referring to an arbitrary but numerically suitable set of single-particle states ͕ i ͖. The index i includes spin and spatial degrees of freedom. N is the particle number operator. Note that
͑2.8͒
For an arbitrarily given attractive potential V and an external magnetic field ͑in the z direction͒ with cyclotron frequency c the Rashba 15 single-particle matrix elements in a semiconductor heterostructure are taken to be
S ជ denotes the electron spin operator, ␣ ជ the Rashba coupling coefficient, ជ the kinetic momentum, and m* the electron effective mass. For numerical reasons we restrict ourselves to a finite subset Bª͕ i ͉ E i ϽE max ͖ of the energetically lowest-lying single-particle states. First of all we diagonalize the singleparticle matrix ⑀ i j and obtain the orthonormalized eigenvector set BЈª͕ i Ј͖ by use of a unitary transformation
͑2.10͒
Then we have ⑀ϭ P⑀ЈP Ϫ1 with the diagonal matrix ⑀ pq Ј ϭ␦ pq ⑀ p Ј . The Coulomb tensor transforms as
͑2.11͒
In order to keep the Fock space dimension 2 N as small as possible for numerical reasons we truncate BЈ to a new restricted base set BЉϭ͕ i ЈBЈ ͉ ⑀ i ЈϽẼ max ϽE max ͖ʕBЈ. Note that we have to ensure that the choice of Ẽ max does not change the expectation values significantly for a given chemical potential. Here one must keep in mind that the interaction is repulsive and therefore energetically raises the electron filling of the quantum dot.
For this given single-particle base BЉ we construct orthonormalized field states
starting from the vacuum state ⌽ vac . Then we have to evaluate Fock space matrix elements M JI of the form
and further
͑2.14͒
Note that anticommutation symmetries drastically reduce the number of independent elements. Now we can write down the many-particle density matrix dot for the temperature T ͑with ␤ª1/k B T) and the chemical potential :
dot ϭ 1 Z gr exp͓Ϫ␤͑HϪN ͔͒, ͑2.15͒
with the particle number operator N ϭ ͚ i bЈ i † b i Ј and the grand-canonical partition function
In the following we will use the abbreviation Ĥ ªϪ␤(H ϪN ). In order to calculate the exponential function we diagonalize Ĥ with a unitary ͑Fock space͒ transformation Q:
͑2.17͒
Then we have
Note that exp͓(Ĥ diag ) II ͔ is a real number. Finally we obtain
D. Resonant tunneling diode
A resonant tunneling diode 16 consists of a double barrier semiconductor heterostructure, that is, a one-dimensional ͑1D͒ quantum well with electron reservoirs coupled to both sides via tunnel barriers. Let us denote this direction as the z direction. If one applies an additional confinement by use of an attractive potential in the lateral (x,y) directions a threedimensional ͑3D͒ binding potential arises.
2,17 On a mesoscopic length scale such a system represents a quantum dot with two directly coupled reservoirs. In order to have one dominating reservoir we just have to choose a strong barrier thickness asymmetry in the heterostructure.
Since in most experimental RTD situations of a disklike shaped quantum dot the spatial extent of the wave functions between the two barriers is about one order of magnitude smaller than the lateral dimensions, we only consider the ground state n z ϭ0 referring to the 1D quantum well in the z direction. In this case a suitable orthonormalized singleelectron base set B consists of 2D harmonic oscillator states 18 with the characteristic lengths x 0 ϭͱប/( x 0 m*) and y 0 ϭͱប/( y 0 m*) and Hermite polynomials H n : 13 
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͑2.21͒
Note that these are not eigenfunctions of the single-particle part of the Hamiltonian in general. In the next section we will employ these base functions for numerical simulations.
III. NUMERICAL RESULTS
Based on the quantum dot model and the density-matrix description of the previous section we now discuss some basic aspects of electron filling characteristics inside RTD quantum dots. In order to study charging effects we assume a diode with strong barrier asymmetry under bias conditions where electrons accumulate inside the dot ͑that is, the emitter barrier must be thinner͒. As can be seen from Green's function calculations, the successive filling of the quantum dot with varying bias voltage ͑i.e. varying chemical potential͒ can be observed directly in the form of single-electron current steps. 9 Thus there is a simple experimental means to measure electron occupation inside the quantum dot under the strong accumulation condition as a function of the chemical potential, which can be deduced directly from the applied bias voltage between the two reservoirs for a given magnetic field. For the influence of the external magnetic field on the chemical potential inside a reservoir, see Ref. 17 .
In order to visualize the main aspects of the electronelectron interaction we first consider a GaAs RTD with a quantum well width of z 0 ϭ 17 nm (Al 0.3 Ga 0.7 As barriers͒ and a 2D lateral harmonic potential with ប x 0 ϭប y 0 . Further we assume m*ϭ0.067 m e , g*ϭ0.44, ⑀ r ϭ13.1, and a temperature of Tϭ30 mK. For the ground state and the first excited state of the quantum well in the z direction one easily obtains E z 0 ϭ20 meV and E z 1 ϭ72 meV, respectively. Therefore we can consider a chemical potential range of ⌬ϭ52 meV if we restrict ourselves to a single-particle base set with the z-well ground state in the following. In the numerical part we take 18 single-particle base states ͑in B) and a 512-dimensional Fock subspace. A comparison between 1024 and 2048 dimensions shows that the deviations in the electron numbers are less than 5%. The Coulomb matrix elements have been computed using Monte Carlo techniques, all single-particle matrix elements using standard numerical integration techniques. We will refer to the groundstate Coulomb interaction energy as the ''Coulomb matrix element'' C 0000 in the following. Constant capacitive energy terms arising from the reservoirs and spin-orbit interaction terms will be set to zero in our examples since the major effects of many-particle correlation we are interested in arise from the intradot interaction. ͑The Rashba terms only provide minor corrections to the filling step positions concerning the chemical potential for the considered Al x Ga 1Ϫx As/GaAs heterostructure. On the other hand, capacitive reservoir interaction terms can be estimated to be at least one order of magnitude smaller than the intradot terms for the RTD under consideration͒. Figure 1͑a͒ shows a simulated particle number versus chemical potential characteristics, where E 12 is defined as the ''corrected interaction energy'' of the first two electrons. In Fig. 1͑b͒ various interaction energies are plotted for varying lateral quantization energy E lat ϵប 0 .
First we consider the behavior of C 0000 . We have E lat ϭប 2 /(m*x 0 2 )ϰx 0 Ϫ2 , where x 0 denotes the lateral characteristic length, and further C 0000 ϰx 0 Ϫ1 for large x 0 ͑that is, small E lat ). Therefore C 0000 ϰE lat 1/2 , which can be seen in Fig. 1 . For E lat ϾC 0000 the Coulomb repulsion is larger than the single-particle level spacing and thus it is energetically favorable for the first two electrons to occupy the ground state with opposite spins. Hence we see that the corrected interaction energy E 12 ϷC 0000 for this case. We will call this regime the ''atomic regime.'' On the other hand, for E lat ӶC 0000 it is favorable to occupy a mixture of higher excited single-particle states because their interaction tensor elements diminish for growing quantum numbers. Therefore we observe E 12 ϽC 0000 due to many-particle effects ͑Fig. 1͒. We will call this regime the ''capacitive regime'' since we observe a behavior analogous to a classical capacitor: Electrons tend to distribute their total charge on the surface of the confining potential, which can readily be seen from the extent ⌬x j ϰͱ2 jϩ1 of an excitedstate wave function for quantum number j. In the next two subsections we will discuss some electron filling details of each quantum dot regime ͑analogous to Hund's rules for atoms͒.
A. Capacitive regime
This regime requires a large amount of computational power since with diminishing E lat we have to include a lot of single-particle levels within the interaction energy C xyyx to add one additional electron to the quantum dot system. Therefore the dimension of the Fock subspace grows exponentially. Now we will consider the above mentioned RTD quantum dot with E lat ϭ1 meV (⇒C 0000 Ϸ3.8 meV, E 12 Ϸ2.6 meV͒. Hereby we have taken 50 single-particle levels as a base set and a Fock space dimension of 512 up to 1024.
In Fig. 2͑a͒ one can see the position of single-electron steps as a function of an externally applied magnetic field in the z direction with cyclotron energy E cycl ϵប c ϵបeB/m*. For the first step at the lowest chemical potential we observe the typical magnetic field dependence of the ground state of a 2D harmonic oscillator. 19 Furthermore we observe a nearly parallel shift of all following steps with varying magnetic field. The difference in chemical potential for adjacent steps is quite similar over the full field range. This behavior is typical for the capacitive regime where the repulsion energy is larger than the single-particle level spacing. Thus even in this system of a few strong interacting and correlated electrons one obtains a semiclassical filling behavior equivalent to a capacitor. The orthodox theory 10 ͑with the above-defined E 12 as the effective interaction energy͒ therefore can be applied to some degree for the description concerning the total particle number. Hence we are able to define an intradot interaction capacity C 12 ϭe 2 /E 12 for use with the orthodox theory based on E 12 .
Obviously the density-matrix approach provides complete information about the quantum-mechanical state and the discussed class of observables. An interesting feature of the capacitive regime can be seen in Fig. 2͑b͒ where the total electron spin in the z direction is plotted in a gray-scale diagram. Due to exchange-correlation effects we observe a polarization of the electron system in the applied magnetic field.
Experimental evidence for such a capacitive behavior of single-electron steps in an external magnetic field can be found in various publications. 20 Here laterally confined RTD structures have been investigated for the case of strong barrier asymmetry similar to the numerically simulated quantum dot in this example. By use of a Schottky gate for a variable lateral confinement the electronic filling of a RTD quantum dot has be investigated 21 as a function of the lateral potential ͑with fixed chemical potential ). For an arbitrarily given ͑b͒ Total electron spin in z direction represented as a gray-scale plot. ͑Steplike borders are due to the simulation step width in E cycl . A bright structure in the region of spin 5/2 is an artifact due to the finite Fock subspace dimension.͒ lateral potential V ͑i.e., single-particle matrix elements as a function of the gate voltage͒ in the Hamiltonian equation ͑2.6͒ a numerical treatment of such systems should be possible within the scope of the density matrix approach even in the case of strong intradot correlations due to many-particle interaction effects.
B. Atomic regime
In contrast to the capacitive regime we now consider the case where the single-particle level spacing E lat is larger than the first Coulomb tensor element C 0000 . This regime can be reached in semiconductor systems only in the case of quantum dots on a characteristic length scale smaller than a few tens of nanometers. Figure 3 shows a typical filling behavior of an artifical quantum dot with E lat ϭ10 meV and C 0000 Ϸ2 meV. Again the first lowest-lying step exhibits the characteristic B-field dependence followed by the second spin-degenerate electron at ⌬ 12 ϵC 0000 . Higher singleparticle levels 19 still can be recognized with an interactioninduced splitting of the spin degeneracy. As an interesting feature we now focus on the four-level anticrossing point that is visualized in Fig. 3͑b͒ . Hereby the total spin is shown as a gray-scale plot. Only in the center of the anticrossing does one observe a parallel spin alignment due to small energy lowering electron exchange terms. At all other points the system shows a tendency to minimize the total spin in the z direction for small magnetic fields. Some primitive orbital figures show an atomlike behavior.
IV. CONCLUSION
Based on a many-particle density-matrix approach with an underlying interaction Hamiltonian in second quantization we have been able to describe the electron filling characteristics of an interacting quantum dot system. Especially intradot exchange and correlation effects have been incorporated. Employing numerical results for the case of a single-electron RTD in the strong accumulation regime we define a capacitive and atomic quantum dot depending on the ratio between size quantization energies and interaction matrix elements, that is, the geometrical dimensions. We presented a fully quantum-mechanically based definition of an intradot interaction capacity. A subsequent paper is planned to present experimental results on a RTD quantum dot system and a comparative analysis based on the density-matrix model. 1 Single Charge Tunneling, edited by H. Grabert and M. Devoret,
